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1. Introduction
Let H(D) denote the space of all analytic functions in the open unit disc D of the complex plane C. A positive continuous
function μ on the interval [0,1) is called normal if there exist three constants 0 δ < 1 and 0 < a < b such that
μ(r)
(1− r)a is decreasing on [δ,1) and limr→1
μ(r)
(1− r)a = 0;
μ(r)
(1− r)b is increasing on [δ,1) and limr→1
μ(r)
(1− r)b = ∞.
Note that a normal function μ : [0,1) → [0,∞) is decreasing in the neighborhood of 1 and satisﬁes limr→1− μ(r) = 0. For
example,
μ(r) = (1− r2)β (β > 0),
μ(r) = 1/{log log e2(1− r2)−1},
μ(r) = (1− r2)α logβ eβ/α(1− r2)−1 (α > 0, β  0)
are such kind of normal functions.
A function f ∈ H(D) belongs to the Bloch type space Bμ = Bμ(D), if
‖ f ‖Bμ =
∣∣ f (0)∣∣+ sup
z∈D
μ
(|z|)∣∣ f ′(z)∣∣< ∞,
* Corresponding author at: Department of Physics and Mathematics, University of Eastern Finland, P.O. Box 111, 80101 Joensuu, Finland.
E-mail addresses: congli.yang@uef.ﬁ, yangcongli@gznu.edu.cn (C. Yang), wenxupine@gmail.com (W. Xu), marko.kotilainen@windowslive.com
(M. Kotilainen).0022-247X/$ – see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2010.12.006
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consists of all f ∈ Bμ such that
lim
|z|→1−
μ
(|z|)∣∣ f ′(z)∣∣= 0.
The α-Bloch space Bα is obtained for μ(|z|) = (1 − |z|2)α , α > 0, which for α = 1 reduces to the classical Bloch space B.
For some results on Bμ space, see, e.g., [10,21] and the related references therein.
Let the Green’s function of D be deﬁned as g(z,a) = log 1|σa(z)| , where σa(z) = (a − z)/(1 − a¯z) is the automorphism
of D interchanging the points zero and a ∈ D. Let p > 0, q > −2 and let K : [0,∞) → [0,∞) be right continuous and
nondecreasing. A function f analytic in D belongs to Q K (p,q) if
‖ f ‖pQ K (p,q) = sup
a∈D
∫
D
∣∣ f ′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z) < ∞,
and f ∈ H(D) belongs to the space Q K ,0(p,q) if
lim|a|→1
∫
D
∣∣ f ′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z) = 0.
Here and elsewhere dA stands for the Euclidean area element.
The space Q K (p,q), recently introduced in [13], is a Banach space with the norm ‖ f ‖ = | f (0)| + ‖ f ‖Q K (p,q) for p  1.
The deﬁnition is strongly motivated by the theory of Q p , see [1,16], and the studies on F (p,q, s) and Q K , see [14,19]. While
Q K and F (p,q, s) are different yet natural generalizations of Q p , the deﬁnition of Q K (p,q) generalizes the concept of both
of these spaces. Namely, Q K (2,0) = Q K see [3,15] and Q K (p,q) = F (p,q, s) when K (t) = ts . In particular, if K (t) = t , then
Q K coincides with BMOA, the space of analytic functions in the Hardy space H1 with boundary values of bounded mean
oscillation, see [2]. Moreover, for α = (q + 2)/p, the spaces Q K (p,q) and Q K ,0(p,q) are subsets of spaces Bα and Bα0 ,
respectively.
Let ϕ be a holomorphic self-mapping of D. The symbol ϕ induces a linear composition operator Cϕ( f ) = f ◦ ϕ from
H(D) into itself. Thus, boundedness and compactness of the operator Cϕ : X → Y can be considered if X and Y are some
normed spaces of functions analytic in the unit disc. For instance, bounded and compact operators Cϕ : B → Q K were
considered in [12] and the case Cϕ : Bα → Q K (p,q) was solved in [8] and [20]. Composition operators between μ-Bloch
spaces were studied in [5]. The reader is invited to see [6,9,15,17,18] for more information about composition operators
on Q K and F (p,q, s) spaces.
Throughout this paper, positive constants are denoted by C , and they may have different values at different occurrences.
For 0 < r < 1, denote Ωr = {z ∈ D, |ϕ(z)| > r} and let BX denote a unit ball of a given Banach space (X,‖ · ‖X ).
The purpose of this paper is to study the boundedness and compactness of the composition operator Cϕ from Bμ
(respectively Bμ,0) into Q K (p,q). The main results are stated and proved in Section 3.
2. Some auxiliary results
In this section we quote several auxiliary results which will be used in the proofs of our main results.
Lemma 1. Assume μ is normal on [0,1) and 0 < α < min{e−1,1− δ}. Then there exists a positive constant C independent of α such
that
∞∫
e
e−αt
μ(1− 1/t) dt 
C
αμ(1− α) .
Proof.
∞∫
e
e−αt
μ(1− 1/t) dt =
1/α∫
e
e−αt
μ(1− 1/t) dt +
∞∫
1/α
e−αt
μ(1− 1/t) dt = I + II.
By the fact that μ is positive and continuous function on [0,1), then noting that a normal function is decreasing on [δ,1),
it follows that μ is essentially decreasing, that is there is C > 0 such that
I 
1/α∫
dt
μ(1− 1/t) 
C
μ(1− α)
1/α∫
dt  C
αμ(1− α) .
e e
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II
∞∫
1/α
(αt)be−αt
μ(1− α) dt =
∫∞
1 s
be−s ds
αμ(1− α) 
C
αμ(1− α) .
The proof is completed. 
Taking use of the same technique used in [10] and Lemma 1, we get the following criteria for lacunary series to belong
to Bμ and Bμ,0.
Lemma 2. Letμ be normal and f (z) =∑∞k=1 akznk ∈ H(D), where nk+1/nk  λ > 1 for all k ∈ N. Then the two following propositions
hold:
(1) f ∈ Bμ if and only if limk→∞ supnkμ(1− 1nk )|ak| < ∞.
(2) f ∈ Bμ,0 if and only if limk→∞ supnkμ(1− 1nk )|ak| = 0.
Proof. First we show necessity in (1) and (2). Assume f ∈ Bμ . By the Cauchy integral formula, we have
|ak| 12πnk
2π∫
0
∣∣ f ′(reiθ )∣∣r1−nk dθ
 ‖ f ‖Bμ
r1−nk
nkμ(r)
.
For nk  2, we can choose r = 1− 1nk . We have
|ak| ‖ f ‖Bμ
(
nkμ
(
1− 1
nk
))−1(
1− 1
nk
)1−nk
,
hence
lim
n→∞ sup |ak|nkμ
(
1− 1
nk
)
 ‖ f ‖Bμ · e < ∞.
The proof of the case f ∈ Bμ,0 is similar to the above with a few modiﬁcations.
Next we should prove suﬃciency in (1) and (2). We ﬁrst consider the case (1). Assume limk→∞ supnkμ(1− 1nk )|ak| < ∞.
We have
∣∣zf ′(z)∣∣=
∣∣∣∣∣
∞∑
k=1
aknkz
nk
∣∣∣∣∣ C
∞∑
k=1
|z|nk
μ(1− 1nk )
, (1)
and consequently
|zf ′(z)|
1− |z|  C
∞∑
n=1
( ∑
nkn
1
μ(1− 1nk )
)
|z|n
for some positive constant C . Let K = K (n) = max{k: nk  n}. Then by the deﬁnition of the normal weight we have
μ
(
1− 1
n
) ∑
nkn
1
μ(1− 1nk )
= μ(1−
1
n )
μ(1− 1nK )
K−1∑
n=0
μ(1− 1nK )
μ(1− 1nK−n )

K−1∑
n=0
μ(1− 1nK )
μ(1− 1nK−n )
 λ
a
λa − 1 < ∞.
Hence, we have∑ 1
μ(1− 1n )
 C
μ(1− 1n )
. (2)nkn k
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|zf ′(z)|
1− |z|  C
∞∑
n=1
|z|n
μ(1− 1n )
.
Now since the function
gx(t) = x
t
μ(1− 1t )
= e
−t ln 1x
μ(1− 1t )
is decreasing in t , for suﬃciently large t and each x ∈ (0,1), we have
∞∑
n=1
|z|n
μ(1− 1n )
∼
∞∫
e
e−t ln
1
|z|
μ(1− 1t )
dt.
According to Lemma 1, we obtain
∞∫
e
e−t ln
1
|z|
μ(1− 1t )
dt  C 1
ln 1|z|μ(1− ln 1|z| )
as |z| → 1. Using the asymptotic relation
ln
1
|z| ∼ 1− |z| as |z| → 1
−,
and by the normality of μ, we get
∞∑
n=1
|z|n
μ(1− 1n )
 C
(1− |z|)μ(|z|) .
From this, the result easily follows.
We prove next the suﬃciency of (2). Given ε > 0, we may ﬁnd k0  2 such that
μ
(
1− 1
nk
)
|ak| < ε
for all k k0. Therefore
∣∣zf ′(z)∣∣ k0∑
k=1
|z|nk
μ(1− 1nk )
+ ε
∞∑
k=k0+1
|z|nk
μ(1− 1nk )
.
As in the proof of case (1), we obtain
|zf ′(z)|
1− |z| 
Pk0(z)
1− |z| +
εC
ln 1|z|μ(1− ln 1|z| )
,
where Pk0 is a polynomial of order nk0 , so Pk0 is bounded in D. From this using the normality of μ and the condition
lim|z|→1− μ(|z|) = 0, the result easily follows. 
The following characterization of compactness can be proved in a standard way, see [11]. Hence we omit the proof.
Lemma 3. Let K (r) be a nonnegative, nondecreasing function for 0 r < 1, and let ϕ be a holomorphic mapping of D into itself, μ be
a normal function on [0,1). Then Cϕ : Bμ → Q K (p,q) (p  1, q > −2) is compact if and only if for any bounded sequence { fn}n∈N
in Bμ which converges to zero uniformly on compact subsets of D as n → ∞, we have limn→∞ ‖Cϕ fn‖Q K (p,q) = 0.
3. Main results and proofs
Now we are ready to state and prove the main results in this section. By using Lemma 2 and modifying the idea from
[4] and [7], we get the following important result. See [18] for the α-Bloch version of this result.
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functions f , g ∈ Bμ such that for each z ∈ D,∣∣ f ′(z)∣∣+ ∣∣g′(z)∣∣ C
μ(|z|) (3)
for some positive constant C .
Proof. Set f (z) = εz +∑∞j=1 zq jμ(1− 1
q j
)q j
for z ∈ D, where q is a large natural number and ε is suﬃciently small and positive.
Applying Lemma 2 with
a j =
(
μ
(
1− 1
q j
)
q j
)−1
, n j = q j,
it is easy to check f ∈ Bμ . We ﬁrst show that∣∣ f ′(z)∣∣ C
μ(|z|) ,
if 1− q−k  |z| 1− q−(k+ 12 ) for k ∈ N. For any z ∈ D, we have
∣∣ f ′(z)∣∣=
∣∣∣∣∣ε +
∞∑
j=1
zq
j−1
μ(1− 1
q j
)
∣∣∣∣∣
 |z|
qk−1
μ(1− 1
qk
)
−
(
ε +
k−1∑
j=1
|z|q j−1
μ(1− 1
q j
)
)
−
∞∑
j=k+1
|z|q j−1
μ(1− 1
q j
)
= 1|z| (I1 − I2 − I3) I1 − I2 − I3.
Since (
1− q−k)qk  |z|qk  ((1− q−(k+ 12 ))qk+ 12 )q− 12 ,
we have
1
3
 |z|qk 
(
1
2
)q− 12
for q large enough and hence
I1 
1
3μ(1− 1
qk
)
.
On the other hand, by the deﬁnition of normal function μ, for large enough q and any j ∈ N we have
(1− (1− 1
q j
))a
(1− (1− 1
q j+1 ))
a

μ(1− 1
q j
)
μ(1− 1
q j+1 )

(1− (1− 1
q j
))b
(1− (1− 1
q j+1 ))
b
,
and by a simple computation
1 < qa 
μ(1− 1
q j
)
μ(1− 1
q j+1 )
 qb. (4)
So it follows that
I2  ε
1
μ(1− 1
qk
)
+ 1
μ(1− 1
qk
)
k−1∑
j=1
μ(1− 1
q j+1 )
μ(1− 1
q j
)
·
μ(1− 1
q j+2 )
μ(1− 1
q j+1 )
· · ·
μ(1− 1
qk
)
μ(1− 1
qk−1 )
 ε 1
μ(1− 1
qk
)
+ 1
μ(1− 1
qk
)
k−1∑
j=1
1
qa(k− j)
 1
μ(1− 1k )
[
ε + 1
qa − 1
]
.q
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I3 
|z|qk+1
μ(1− 1
qk
)
∞∑
j=k+1
μ(1− 1
qk
)
μ(1− 1
q j
)
|z|(q j−qk+1)
 |z|
qk+1
μ(1− 1
qk
)
∞∑
j=k+1
μ(1− 1
qk
)
μ(1− 1
qk+1 )
·
μ(1− 1
qk+1 )
μ(1− 1
qk+2 )
· · ·
μ(1− 1
q j−1 )
μ(1− 1
q j
)
|z|(q j−qk+1).
According to (4), we get
I3 
|z|qk+1
μ(1− 1
qk
)
∞∑
j=k+1
qb
(
qb
)( j−(k+1))|z|(q j−qk+1)
 |z|
qk+1
μ(1− 1
qk
)
∞∑
s=0
qb
(
qb|z|(qk+2−qk+1))s
= (|z|
qk )q
μ(1− 1
qk
)
qb
1− qb(|z|qk )(q2−q)
= 1
μ(1− 1
qk
)
qb(|z|qk )q
1− qb(|z|qk )(q2−q)
 1
μ(1− 1
qk
)
qb2−q
1
2
1− qb2−(q 32 −q 12 )
.
By the estimates above,
∣∣ f ′(z)∣∣ 1
μ(1− 1
qk
)
(
1
3
− ε − 1
qa − 1 −
qb2−q
1
2
1− qb2−(q 32 −q 12 )
)
 C
μ(1− 1
qk
)
for q large enough, ε suﬃciently small and k ∈ N. The normality of μ and the inequalities
1− q−k  |z| 1− q−(k+ 12 )
together yield∣∣ f ′(z)∣∣ C
μ(1− 1
qk
)
 C
Cqμ(1− 1
qk+
1
2
)
 C
μ(|z|) .
Similarly, the function
g(z) =
∞∑
j=1
zn j
μ(1− 1
q j+
1
2
)
,
where n j is the integer closest to q j+
1
2 , satisﬁes
∣∣g′(z)∣∣ C
μ(|z|) ,
when 1− q−(k+ 12 )  |z| 1− q−(k+1) for any k ∈ N. So (3) holds for 1− q−1 < |z| < 1. Since f ′(0) 
= 0, and the functions f ′
and g′ can only have a ﬁnite number of zeroes in the disc |z| 1− q−1, the function g can be replaced by gθ (z) = g(eiθ z)
for an appropriate θ to prevent f ′ and g′ have common zeroes. Hence, we get a pair of functions satisfying (3). 
Theorem 2. Assume μ is a normal function and ϕ is a holomorphic mapping from D into itself. Let p > 0, q > −2 and let K be
nonnegative and nondecreasing in [0,∞). Then the following statements are equivalent:
(1) Cϕ : Bμ → Q K (p,q) is bounded;
(2) Cϕ : Bμ,0 → Q K (p,q) is bounded;
(3) supa∈D
∫ |ϕ′(z)|p(1−|z|2)q
p K (g(z,a))dA(z) < ∞.D μ (|ϕ(z)|)
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‖Cϕ f ‖Q K (p,q)  ‖Cϕ‖‖ f ‖Bμ for all f ∈ Bμ,0. For given f ∈ Bμ , the function ft(z) = f (tz), where 0 < t < 1, belongs to
Bμ,0 with the property ‖ ft‖Bμ  ‖ f ‖Bμ . Let f1, f2 be the functions from Theorem 1 and we get
sup
a∈D
∫
D
|tϕ′(z)|p
μp(|tϕ(z)|)
(
1− |z|2)qK (g(z,a))dA(z) 2p‖Cϕ‖p(‖ f1t‖pBμ + ‖ f2t‖pBμ)
 2p‖Cϕ‖p
(‖ f1‖pBμ + ‖ f2‖pBμ).
This estimate together with the Fatou’s Lemma implies (3).
To show condition (3) implies (1), let f ∈ Bμ . Then
sup
a∈D
∫
D
∣∣( f ◦ ϕ)′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z) = sup
a∈D
∫
D
∣∣ f ′(ϕ(z))∣∣p∣∣ϕ′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z)
 ‖ f ‖pBμ sup
a∈D
∫
D
|ϕ′(z)|p(1− |z|2)q
μp(|ϕ(z)|) K
(
g(z,a)
)
dA(z).
Hence, it follows by (3) that Cϕ is a bounded operator from Bμ → Q K (p,q). 
Theorem 3. Assume μ is a normal function and ϕ is a holomorphic mapping from D into itself. Let p  1, q > −2 and let K be
nonnegative and nondecreasing in [0,∞). Then the following statements are equivalent:
(1) Cϕ : Bμ → Q K (p,q) is compact;
(2) Cϕ : Bμ,0 → Q K (p,q) is compact;
(3) ϕ ∈ Q K (p,q) and
lim
r→1 supa∈D
∫
Ωr
|ϕ′(z)|p(1− |z|2)q
μp(|ϕ(z)|) K
(
g(z,a)
)
dA(z) = 0. (5)
Proof. Since (1) implies (2), assume (2) holds. It is obvious that ϕ belongs to Q K (p,q). To show (5) holds, set
fn(z) = 1
nμ(1− 1n )
zn.
It is easy to check that { fn}n∈N is bounded in Bμ,0 and fn(z) → 0 locally uniformly on D, as n → ∞. Since Cϕ : Bμ,0 →
Q K (p,q) is compact, we have
lim
n→∞
∥∥∥∥ 1nμ(1− 1n )ϕ
n
∥∥∥∥
Q K (p,q)
= 0.
This means for any given ε > 0, there exists N ∈ N such that n N implies
sup
a∈D
∫
D
1
μp(1− 1n )
∣∣ϕn−1(z)∣∣p∣∣ϕ′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z) < ε.
Hence, for 0 < r < 1
sup
a∈D
1
μp(1− 1N )
∫
D
∣∣ϕN−1(z)∣∣p∣∣ϕ′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z)
 sup
a∈D
1
μp(1− 1N )
∫
Ωr
∣∣ϕN−1(z)∣∣p∣∣ϕ′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z)
 1
μp(1− 1N )
r(N−1)p sup
a∈D
∫
Ωr
∣∣ϕ′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z).
By choosing r such that 1
μp(1− 1N )
r(N−1)p > 1, we get
sup
a∈D
∫ ∣∣ϕ′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z) < ε. (6)
Ωr
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compact, then the norm ‖Cϕ ft − Cϕ f ‖Q K (p,q) → 0 as t → 1. Then for every ε > 0, there exists t0 ∈ (0,1) such that∫
D
∣∣( ft0 ◦ ϕ)′(z) − ( f ◦ ϕ)′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z) < ε.
By the triangle inequality and (6),
sup
a∈D
∫
Ωr
∣∣( f ◦ ϕ)′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z)
 sup
a∈D
∫
Ωr
∣∣( f ◦ ϕ)′(z) − ( ft0 ◦ ϕ)′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z)
+ sup
a∈D
∫
Ωr
∣∣( ft0 ◦ ϕ)′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z)
< ε + ∥∥ f ′t0∥∥pH∞
∫
Ωr
∣∣ϕ′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z)
<
(
1+ ∥∥ f ′t0∥∥pH∞)ε,
which means for any ε > 0 and f ∈ BBμ,0 , there exists δ = δ(ε, f ) > 0, such that for r ∈ [δ,1),
sup
a∈D
∫
Ωr
∣∣( f ◦ ϕ)′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z) < ε.
Since Cϕ is compact, Cϕ(BBμ,0) is relatively compact in Q K (p,q), that is, there are ﬁnite functions f1, f2, . . . , fm ∈ BBμ,0
such that for any ε > 0 and f ∈ BBμ,0 , we can ﬁnd fk (1 km) satisfying
sup
a∈D
∫
D
∣∣( f ◦ ϕ)′(z) − ( fk ◦ ϕ)′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z) < ε.
Take δ = max1 jm δ(ε, f j). Then for r ∈ [δ,1),
sup
a∈D
∫
Ωr
∣∣( fk ◦ ϕ)′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z) < ε.
By triangle inequality again, we obtain
sup
a∈D
∫
Ωr
∣∣( f ◦ ϕ)′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z) < 2ε.
So we have shown that for any ε > 0, there exists δ ∈ [0,1) such that for all f ∈ BBμ,0
sup
a∈D
∫
Ωr
∣∣( f ◦ ϕ)′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z) < 2ε. (7)
Let f j , j = 1,2, be the functions in Theorem 1. Then, for 0 < t < 1, the functions f jt(z) = f j(tz) are included in Bμ,0. The
condition (5) now follows from (7) by Theorem 1 and Fatou’s Lemma.
It remains to prove (3) implies (1). Therefore, we assume ϕ ∈ Q K (p,q) and (5) holds. Assume { fn}n∈N is a bounded
sequence in Bμ such that fn → 0 uniformly on compact subsets of D. For simplicity, assume ‖ fn‖Bμ  1. By (5), for any
given ε > 0, there exists r ∈ (0,1) such that
sup
a∈D
∫
Ωr
|ϕ′(z)|p(1− |z|2)q
μp(|ϕ(z)|) K
(
g(z,a)
)
dA(z) < ε.
Since fn → 0 uniformly on compact subsets of D, it implies that f ′n → 0 uniformly on compact sets of D. For above ε, there
exists N ∈ N such that n > N implies | f ′n(z)| < ε for |z| r. Hence,
34 C. Yang et al. / J. Math. Anal. Appl. 379 (2011) 26–34∫
D
∣∣( fn ◦ ϕ)′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z) =
{∫
Ωr
+
∫
D\Ωr
}∣∣ f ′n(ϕ(z))∣∣p∣∣ϕ′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z)
 ‖ fn‖pBμ
∫
Ωr
|ϕ′(z)|p
μp(|ϕ(z)|)
(
1− |z|2)qK (g(z,a))dA(z)
+ εp
∫
D
∣∣ϕ′(z)∣∣p(1− |z|2)qK (g(z,a))dA(z)
 ε + εp‖ϕ‖pQ K (p,q),
and it follows that ‖ fn ◦ ϕ‖Q K (p,q) → 0, as n → ∞. So, (1) holds and the proof is completed. 
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